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Note to the Reader

I decided to write these solutions because I found great joy and pleasure in solving
the exercises from this excellent textbook “Nelsen, R. B. (2006) An Introduction to
Copulas, Second Edition, Springer” on copulas. This book is a fantastic resource for
beginners, but I noticed there isn’t an official solution guide available online. So, I

thought it would be fun to share my solutions with others who might be interested.

These solutions are intended for educational and self-study purposes only. They are
meant to enhance your understanding of the material, not to replace the original
content of the book. These solutions are offered freely—mnot for sale or commercial
use. As you use this guide, be sure to follow the rules and policies of your academic

institution regarding the use of external resources.

The textbook exercises and any direct quotations are the intellectual property of
their respective authors and publishers, who deserve all the credit for their invaluable
work. Any mistakes or errors in these solutions are entirely my own. If you find
any mistakes, I would really appreciate it if you could let me know (email address:

guanjielyu@gmail.com).
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CHAPTER 1

Solutions for Chapter 2

Exercise 2.1 (1) Let H be the function defined on I? by H(z,y) = max(z,y). Clearly,

let T S T2, Y1 S Yo,

H(.ﬁl]g,y) - H('xby) = HlaX(1327y) - max<xluy> Z OJ
and

H(‘Thy?) - H(I7y1) = max(x,yg) - max(x,yl) > 07

Thus H is non-decreasing in each argument. However,

Vg (I?) = H(1,1) + H(0,0) — H(0,1) — H(1,0)
= max(1,1) + max(0,0) — max(1,0) — max(0, 1)
=-1<0.
Therefore, H is not 2-increasing.

(2) Let H be the function defined on I? by H(z,y) = (2z — 1)(2y — 1). WLOG,
let B € I? with vertices (xy,y1), (72, y2) € I? such the z1 < z9,y1 < ¥,

Vi(B) = H(z1,y1) + H(x2,y2) — H(21,92) — H(22,31)
=Q2r— D2y — 1)+ 22— 1)2y2 — 1) — (221 — 1)(2y2 — 1) — (222 — 1)(2y1 — 1)
= (221 — 1)(2y1 — 2y2) + (222 — 1)(2y2 — 2y1)

= (2y2 — 2y1) (222 — 221) > 0.

Thus H is 2-increasing, but
0H (x,y)

=4y — 2.
ox y
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It indicates that % < 0 when y € [0,1/2). Thus H is decreasing in & when

y € [0,1/2). Similarly, H is decreasing in y when z € [0,1/2). ]
Exercise 2.2 Show that M(u,v) = min(u,v), W(u,v) = max(u + v — 1,0) and
[I(u,v) = uv are indeed copulas.

Solution. Let’s check the two axioms of a copula. (¥
M(0,v) = min(0,v) = 0 = min(u,0) = M(u,0),
M(1,v) = min(1,v) =v, M(u,1)=min(u,1) = u.
and
W(0,v) = max(v —1,0) = 0 = max(u — 1,0) = W (w,0),
W(l,v) = max(v,0) =v, Wi(u,1) = max(u,0) = u.
and
[1(0,v) =0-v=0=u-0=1I(u,0),
I(Lv)=1-v=v, ul)=u-1=u.

® Then check the 2-increase of them. For every (uy,v;),(us,vs) € I? such that

up < ug,v1 < Uy,

M (uy,v1) + M(ug,v3) — M(uy,ve) — M(ug,v1)

= min(uy, v1) + min(ug, v2) — min(uy, v9) — min(ug, vy) = S.

If Uy S V1,

B = uq + min(ug, v2) — min(ug, v1) — ug > 0.
If uy > v,

B = v; + min(ug, v9) — min(uy, vy) — vy > 0.
And

a=W(uy,vy) + W(ug,va) — Wiuy,ve) — Wug, vq)
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= max(u; + v; — 1,0) + max(ug + v — 1,0) — max(u; + vy — 1,0) — max(ug + v; — 1,0).
If ug + vy > 1,
a = max(u; +v; — 1,0) + max(us + v — 1,0) — max(ug +v; —1,0) — 0 > 0.
If uy +vy < 1,
a =0+ max(us + v — 1,0) — max(ug + v; — 1,0) + 0 > 0.
And

Y= H(Ul, Ul) + H(UQ, Ug) — H(Ul, Ug) — H(UQ, Ul)
= UV + UgV2 — UV — UV

= (ug —u1) (v —v1) > 0.

0

Exercise 2.3 (a) Let Cy and C be copulas, and let § be any number in I. Show that
the weighted arithmetic mean (1 — )Cy + 0C is also a copula. Hence conclude that
any convex linear combination of copulas is a copula.

(b) Show that the geometric mean of two copulas may fail to be a copula.

Solution. (a) Check the two axioms of copula. ) The groundedness and uniform
margins are trivial. ) The 2-increase is also trivial as (1 — )V, (B) + 0V, (B) > 0,
where B is a rectangle in 2.

(b) Let C' be the geometric mean of II and W, then the C-volume of rectangle
[1/2,3/4] x [1/2,3/4] is

VII(1/2,1/2)W (1/2,1/2) + /T1(3/4,3/4)W (3/4,3/4) — /T1(1/2,3/4)W (1/2,3/4)
— VI1(3/4,1/2)W(3/4,1/2) = \/1/4-0+/9/16 - 1/2 — \/3/8 - 1/4 — \/3/8 - 1/4
= 1/2(1/9/8 — \/12/8) < 0.

Therefore C' is not a copula. n
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Exercise 2.4 The Fréchet and Mardia families of copulas. (a) Let «, 5 be in I with
a+ < 1. Set

Cop(u,v) = aM(u,v) + (1 — a — B)(u,v) + W (u,v).

Show that C, g is a copula (Fréchet). A family of copulas that includes M, II, W is
called comprehensive.

(b) Let 0 be in [—1, 1] and set

Cy(u,v) = MM(% v) + (1 — )11 (u, v) +

MW(U, v).
Show that Cj is a copula (Mardia).

Solution. (a) Since convex combination of copulas is a copula. And o, 8, 1—a—pf €
I with sum to 1. Thus C, s is a convex combination of the three copulas, it is indeed
a copula.

(b) Similarly to part (a), Cy is a convex combination of copulas. O

Exercise 2.5 The Cuadras-Augé family of copulas. Let 6 € I, and set

Co(u,v) = [min(u, v)]? [uv]'~?

Show that Cy is a copula. Note that, Cy = Il and C; = M. This family is weighted
geometric mean of M and II.

Solution. Check the two axioms of copula. (¥)
Co(u,0) =0 =Cy(0,v), Ch(u,1) =u, Cy(1,v)=0.

® And for every (uy,vy), (ug, v9) € I? with uy < ug, v; < v,

6 ]170.

o = [min(uy, v1)] fugvr]' 4 [min(ug, v2)]° [ugva] =0 —[min(uy, v2)) [uyve] 0 — [min(ug, v1)]? fugv,
If up < vy,

1-6 1-6 1-6 1-6 1-6 _ 16
a=uvy C F Uy L — Uy —ugvy = (ug —ug)(vy 0 —vy 7)) > 0.
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If vo > us > vy > uq,

1-6 1-0 19

o= ulvl o4 UgVy ~ — UIVy ~ — Uy Vg
= [ugva™® — w03 + v1 (uv7? — uguy?)
> [ugva ™ — urvs ™ + vy (uyug? — uguy?)

= (ug — ul)(vgvge — vluge)

> (ug — uy)(vavg? — v107?%) > 0.

If1)2>U2>U1>’U1,

1-6 1-6 1-0 _ ,1-0,
Q. =U] U1+ UWy  — UV  — Uy U1
1-6 1-6 -0 —0
= [ugvy ™" — w0y "] + vr(wruy " — uguy )
1-6 1-6 —0 0
> [ugvy ™ — urvy "] 4+ vi(uruy " — sty )

= (ug — U1>(’U2U2_0 — vlu;")

> (ug — up)(v2v5? — vyv7%) > 0.

IfUQ>U2>U1>U1,

1-0 -6,
oc—ulvl +u2 UQ—U1U2 — Uy U1

= (v — v1)uguy o+ uy (v107 o _ UQU;‘L))

)
> (v — vy )ugty ? 4 uy (V1050 — vavy )
= (v = v1)(uguy” — wyv,”)

)

> (vg — vy (u2u2 — ulufe) > 0.

IfUQ>U2>U1>U1,

o= ui’gvl + u% Ovy — ulvé b ué 0,

= (vy — v1)uguy? + uy (viug? — vav5?)

> (vg — v1)ugty? 4+ uy(v1v5? — vavy?)



1. SOLUTIONS FOR CHAPTER 2 6
= (v — v1)(uguy” — urv, )
> (vg — v1) (uguy? — wyuy?) > 0.
L]
Exercise 2.6 Let C be a copula, and let (a,b) be any point in I2. For (u,v) in I?,
define

Ko p(u,v) = Vo ([a(l —u),u+ a(l —u)] x [b(1 —v),v+b(1—0)]).
Show that K, is a copula. Note that,
Koo(u,v) = C(u,v),
Koi(u,v) =u—C(u,1 —v),
Kio(u,v) =v—C(1 —u,v),
Kiij(u,v)=u+v—-—1+C(1—u,1—w).
Solution. (x) Write
K, p(u,v) =C(a(l —u),b(1 —v))+ C(u+a(l —u),v+b(1—v))
—C(a(l —u),v+b(1 —v)) — C(u+a(l —u),b(l —v)).
Then
K.p(0,v) = C(a,b(1 —v)) +C(a,v+ b1 —v)) — C(a,v+b(1l —v)) — C(a,b(l —v))
—0
=Cla(l —u),b) +C(u+a(l —u),b) — C(a(l —u),b) — C(u+ a(l —u),b)
= a7b(u,0).

And

Kop(u,1) =C(a(l —u),0) + C(u+a(l —u),1) = C(a(l —u),1) — C(u+a(l —u),0)
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=u+a(l—u)—a(l—u)=u
Kap(1,0) = C(0,b(1 —v)) + C(1,v+b(1 —v)) — C(0,v 4+ b(1 —v)) — C(1,b(1 — v))

=v+b1l—v)—b(1—-v)=w0.
® Then for every (uy,vy), (ug, v9) € I? such that uy < uy,v; < vy,

o = Koy, v1) + Koy, v2) — Kap(tz, v1) — Kap(ur, v2)
= C(a(l —uy),b(1 —v1)) + Clur + a(l — ur), v1 + b(1 — vy))
— Ca(1 = uy), vy + b(1 — vy)) — Cluy + a(l —uy),b(1 — v1))
+ Cla(l = ug), b(1 — v2)) + Clus + a(l — uz), vy + b(1 — v3))
— C(a(1 = uz), vy + b(1 — 1)) — C'luy + a(l — up), b(1 — v2))
— C(a(l = u), b(1 — v3)) — Cuy + a(l — uy), vy + b(1 — v3))
+C(a(l = ur), va + b(1 — v3)) + Cluy + a(l — uy), b(1 — v3))
— C(a(1 = ua),b(1 — v1)) — Cus + a(l — up), vy + b(1 — v1))

+ C(a(l —ug), vy +b(1 —vy)) + Clug + a(l —uz),b(1 —vy))

=A+B+C+D,
where
A=C(a(l —u1),b(1 —wv1)) + Cla(l —uy),b(1 —v2))
— C(a(l —ug),b(1 —vy1)) — C(a(l —uy),b(1 — v3))
= Ve (la(1 = uz, a(l — )] X [b(1 = v2), b(1 — v1)]) = 0.
Similarly for B, C, D. Therefore, a > 0. O

Exercise 2.7 Let f be a function from I? into I which is non-decreasing in each
variable and has margins given by f(¢,1) =t = f(1,¢) for all ¢ € I. Prove that f is

grounded.



1. SOLUTIONS FOR CHAPTER 2 8

Solution. We need to prove that on I? “non-decreasingness + uniform margins

— groundedness”. For every (x,y) € I?,
0< f(2,0) < F(1,0) =0, 0= f(0,2)< f(0,1) =0.

L
Exercise 2.8 (a) Show that for any copula C, max(2t —1,0) < dc(t) <t forallt € L.
(b) Show that 6c(t) = dp(¢) for all ¢ € T implies C' = M.
(c) Show ¢ (t) = dw (t) for all t € I does not imply that C' = W.
Solution. (a) Write

W(t,t) < C(t,t) < M(t, t) < max(2t — 1,0) < dc(t) < min(t,t) = t.
(b) Since for all ¢ € 1,
Sp(t) = M(t,t) = min(t, t) =t = 6c(t) = C(t, 1) =t.
Assume that C'# M, then there exists (u,v) € I? with u < v such that
C(u,v) # M(u,v) = C(u,v) < M(u,v) = u.
Then by non-decreasingness,
u > C(u,v) > Clu,u) = u,

which is a contradiction.

(c¢) We just need to show that d¢ = dy with C' # W holds. O
Exercise 2.9 The secondary diagonal section of C' is given by C(¢,1 —t). Show
that C'(t,1 —t) =0 for all t € I implies C' = W.

Solution. Assume that C' # W, then for all ¢ € I, we have

Ct,1—t)>W(t,1—1t)=max(t+1—1¢,0) =0,

which contradicts C'(t,1 —t) = 0.
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Exercise 2.10 Let ¢ be in [0,1), and let C; be the function from I? into I given by

max(u+v —1,t), (u,v) € [t, 1]?,
ey ) (e et

min(u, v), 0.W..

(a) Show that C; is a copula.

(b) Show that the level set {(u,v) € I?|Ci(u,v) = t} is the set of points in the
triangle with vertices (¢, 1), (1,¢) and (¢,1).

Solution. (a) ® Uniform margins and groundedness are trivial. () For every

(u1,v1), (ug, v2) € [t,1]? with uy < ug,v1 < vy,
a = max(u; +vy — 1, t) + max(us + vy — 1, ) —max(uy + vy — 1, ) —max(ug + v, — 1, t).
If up +v1 > 1+t, then
a=max(u; +v1 — 1,t) + ug + vo — 1 — max(u; + vy — 1,t) — (ug + v1 — 1) > 0.
If up +v1 < 1+4t, then
a =t + max(ug + vy — 1,¢) — max(u; + vy — 1,t) —t > 0.

Therefore C; is a copula.

(b) Using the Fréchet-Hoeffding bounds,
W(U, 'U) < Ct(u7 U) < M(U’7 U)'

Since C; is non-decreasing in each argument. The level sets L = {(u,v) € I? :

Ci(u,v) =t} have bounds

{(u,v) € > : W(u,v) =t} <L < {(u,v) € *: M(u,v) = t}.
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Exercise 2.11 This exercise shows that the 2-increasing condition for copulas is not

a consequence of simpler properties. Let Q be the function form I? to I given by

min (u,v,1/3,u+v—2/3), 2/3<u+v<4/3,
Q(u,v) =

max(u +v — 1,0), 0.W..

That is, @) is given as following figure.

u *

e
&

0 Vv

(a) Show that for every u,v € I2,Q(u,0) = 0 = Q(0,v),Q(u,1) = u,Q(1,v) =
v; W(u,v) < Q(u,v) < M(u,v); and that @ is continuous, satisfies the Lipschitz
condition, and is non-decreasing in each variable.

(b) Show that @ fails to be 2-increasing, and hence is not a copula.

Solution. (a) The uniform margins and groundedness are trivial. The upper
bounded is clear since min(u,v,1/3,u 4+ v — 2/3) < min(u,v). The lower bounded
is clear from the figure, in the 1/3 region, 1/3 is the largest value of W in this
region, thus W < ). The non-decreasingness is obvious. The Lipschitz condition, let
(ug,v1), (ug,v9) € {2/3 < u+v < 4/3} with uy < ug, vy < vo. If (ug,v3), (ug,v1) are
in the same region, then A = 0. Consider different region, if (u1,v;) is in u region,

(ug,v9) is in 1/3 region, then
Q(uz,v2) — Qur,v1) = 1/3 —uy <up —uy < up — ug + vz — 01
Similarly, if (u1,v1) is in u + v — 2/3 region, (us,vs) is in 1/3 region, then

Q(Ug,vg) —Q(Ul,v1) = 1/3—U1 — U1 +2/3 S Uy — U + Vo — Vq.
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If (uy,v1) is in w4 v — 2/3 region, (ug, v9) is in u region, then

Q(ug, v2) — Q(ur,v1) = ug —uy — vy +2/3 < ug — uy + vy — vy.
If (uy,vq) is in v region, (ug,vs) is in 1/3 region, then

Q(uz,v2) — Qur,v1) = 1/3 — vy < vp — v <up —ug + 02 — 1.
If (uy,v1) is in w4 v — 2/3 region, (ug,v2) is in v region, then

Q(uz,v2) — Q(ur,v1) = v —ug —v1 +2/3 <ug —uy + v — 1.

Therefore, the Lipschitz condition holds.
(b) Consider the @Q-volume of the rectangle [1/3,2/3]?. Then

Vo([1/3,2/3) =0+1/3-1/3—1/3=—1/3 < 0.

( is not 2-increasing. O]
Exercise 2.12 Gumbel’s bivariate logistic distribution. Let X and Y be random

variables with a joint distribution function given by
H(z,y) = (1+e " +e )

for all 2,77 € R. (a) Show that X and Y have standard univariate logistic distribution,
1.€.,

F(z)=(1+e")"" Gly)=(1+e?) "
(b )Show that the copula of X and Y is the copula given by

C(u,v) = Ll

Ut v —uw
Solution. (a) It is obvious.
(b) Since

Clu,v) = H(F " (u),G™(v)),
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and
F'u)=—-In(u'-1), G'0v)=—-Ink*-1).

We have
wuv

Clu,v)=14+u 't =1+ -1)t= —v—
U+ v—uv

[]

Exercise 2.13 Type B bivariate extreme value distributions. Let X and Y be random

variables with a joint distribution function given by
Hy(z,y) = exp (— (e + 670‘1’)1/9)
for all z,y € R, where # > 1. Show that the copula of X and Y is given by
9 011/0
Co(u,v) = exp (— [—(=Inu)’ + (= 1nv)’] > .

This parametric family of copulas is known as Gumbel-Hougaard family.

Solution. The margins are
F(x) = Hp(x,00) = exp(—e™), G(y) = Hy(o0,y) = exp(—e™).

The reverses are

Therefore,
Co(u,v) = exp <— [—(—Inu)’ + (= Inv)’] 1/9) :

[]
Exercise 2.14 Note that Gumbel’s bivariate logistic distribution suffers from the
defect that it lacks a parameter, which limits its usefulness in applications. This can

be corrected in a number of ways, one of which is to define Hy as

Ho(z,y)=(1+e " +e ¥+ (1— Q)e_m_y)_l
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for all 7,y € R, where 6 € [—1,1]. Show that
(a) the margins are standard logistic distributions;
(b) when 6 = 1, we have Gumbel’s bivariate logistic distribution;
(c¢) when # = 0, X,Y are independent;
(d) the copula of X,Y is given by

uv

Co(u,v) = 5 —0(1—uw)(1—0)

This is the Ali-Mikhail-Haq family of copulas.
Solution. (a) The margins are standard logistic distribution.
(b) This is obvious.
(c) When 6 = 0,

Hy(x,y) = (1 +e P +e v+ e_x_y)fl = ((1 +e M) (1+ e_y))fl )
(d) The reverses are
Flu)=—-Inu'-1), G'0v)=—-nk"*-1).

Then

Co(u,v) = Hy(F ' (u),G' ()= (u ' +o ' =1+ (1 =0)(u ' = 1) (v =1))!
1—0(1—u)(l—v)

[
Exercise 2.15 Let X, Y] be random variables with continuous distribution functions
Fi, G, and copula C'. Let F;, Gy be another pair of continuous distribution functions,
and set X, = F\ (F1(X1)), Ya = G5 V(G1(Y1)). Prove that
(a) the distribution functions of Xy, Y5 are Fy, Ga;
(b) the copula of Xs, Y5 is C.
Solution. (a) The CDF of X, is
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= P(Fi(Xy) < Fy(2))
= P(Xy < iV (Fy(2))
= R(E (Fa(@2)) = Fa(wa).
And similar for Y5.
(b) Write
Craa (Fa@), Galy) = P2 < 2.2 <)
= P(Fy V(R (X)) < 2,65 (Gi(%) <)
= P(Xy < iV (By(0)), Y1 < Gy (Galw)
= Cxo i (BFTV (Ba(@)], Gi[GY Y (Ga(w))])
= Cxyyi (Fa(x), Ga(y))-
L
Exercise 2.16 (a) Let X and Y be continuous random variables with copula C
and univariate distribution functions F' and G, respectively. The random variables

max(X,Y) and min(X, Y') are the order statistics for X, Y. Prove that the distribution

functions of the order statistics are given by
Pmax(X,Y) <t)=C(F(t),G(t))

and

Pmin(X,Y) <t)=F(t)— G(t) — C(F(t),G(t)),

so that when F = G,
Pmax(X,Y) <t) =0c(F(t)), Pmin(X,Y) <t)=2F(t)—dc(F(t)).

(b) Show that bounds on the distribution functions of the order statistics are given
by
max(F(t) + G(t) — 1,0) < P(max(X,Y) <t) <min(F(t),G(t))
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and

max(F(t),G(t)) < P(min(X,Y) <) < min(F(t) + G(t),1).
Solution. (a) One have
Pmax(X,Y) <t)=P(X <t,Y <t)=H(t,t) = C(F(t),G(t)).
And
Pmin(X,Y) <t)=1— P(min(X,Y) > t)

=1-P(X >t Y >t
=1-[1-PX<t)-PY <t)+ P(X <t,Y <t
—P(X<t)+P(Y <t)—P(X <LY <1)
=F(t)+ G(t) — C(F(t),G(t)).

(b) We only show the bounds for P(min(X,Y) <t). Write

F(t) + G(t) — min(F(1), G(t)) < F(t) + G(t) — C(F (1), G(1))

< F(t) + G(t) — max(F(t) + G(t) — 1,0),
which is equal to

max(F(t),G(t)) < F(t)+ G(t) — C(F(t),G(t))

< min(F(t) + G(t),1).

0]
Exercise 2.17 [Theorem 2.4.4.] Let X and Y be continuous random variables with

copula Cxy. Let o, 8 be strictly monotone on ran X and ranY’, respectively.

(1) If « is strictly increasing and 3 is strictly decreasing, then

Cax)p) (1, v) = u — Cxy (u,1 = v).
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(2) If « is strictly decreasing and S is strictly increasing, then

Cax)py)(u,v) =v — Cxy (1 —u,v).
(3) If a and B are both strictly decreasing, then
Coax)pyy(u,v) =u+v =14+ Cxy(1 —u,1 —wv).
PROOF. (1) Write, for any z,y € R,
Ca(x)p) (Fao (), Gar) (1)) = P(a(X) < 2, 5(Y) <)
= P(X <al(@),Y > 5(y))
=P(X <a™'(2)) - P(X <a™'(2),Y < 57'(y))
= Fx(a™'(2)) = Oxy(Fx(a™'(2)), Gy (87 (1))

= Fox)(2) = Cxy (Fax)(7),1 = Gy ()

(2) Similarly, this part is obvious.
(3) Write

Cox)pv)(Fax) (%), Gavy(y) = P(a(X) <z, 8(Y) < y)

(
P(X >a™Yz),Y > 57}(y))
(

P(X >az) = P(X >a ' z),Y < 87 (y))

=P(X>a'(2))-PY <B'(y)+PX <a'(2),Y <67 (y))
= Fooxy(x) + Gy (y) — 1+ Cxy (Fx (o '(2)), Gy (87 (y)))
= Fox)(@) + Gayy(y) = 1+ Cxy (1 = Fox)(2), 1 = Gy (y))-

L]

Exercise 2.18 Let S be a subset of R-. Then S is non-increasing if and only if for
each (x,y) in EZ, either

(1) for all (u,v) in S, u < x implies v > y; or
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(2) for all (u,v) in S, v > y implies u < z.

Solution. “=": Assume S is non-increasing and neither (1) nor (2) holds. Then
there exists points (a,b), (¢,d) in S such that a < z,b <y and d > y,c > x. Hence
a < c and b < d, contradict the non-increasingness.

“<”: Assume that S is not non-increasing. Then there exists points (a, b), (¢, d)
in S with a < cand b > d. For (z,y) = ((a + ¢)/2,(b+ d)/2), neither (1) nor (2)
holds.

[]
Exercise 2.19 Let X,Y be random variables whose joint distribution function H
is equal to its Fréchet-Hoeffding lower bound. Then for every (z,y) € RQ, either
P X>z,Y>y)=0or P(X <z Y <y)=0.

Solution. Since
PX>zY>y)=1-F(z)-Gy) + H(z,y), PX <Y <y)=H(zy)),

H(z,y) = max(F(z) + G(y) — 1,0) if and only if either P(X > z,Y > y) = 0 or
P(X <z,Y <y)=0. Since if P(X < z,Y <y) =0, F(z) + G(y) —1 < 0 and
H(z,y) =0. O
Exercise 2.20 [Theorem 2.5.5]

Solution. Let S denote the support of H, and let (z,y) be any point in R’. Then
(1) holds in Exercise 2.18 if and only if

{(u,v):u<zo<y}nsS=a.

That is P(X < z,Y <y) = 0. By Exercise 2.19, the proof is completed.

(]
Exercise 2.21 Let X,Y be non-negative random variables whose survival function
is H(z,y) = (e* +¢e¥ — 1)1 for 2,y > 0.

(a) Show that X,Y are standard exponential random variables.
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(b) Show that the copula of X,Y is the copula given by

C( ) uv
UV) = ————.
U+ v+ uv

Solution. (a) The univariate survival margins are
Fla) = Az, ~o0) = (" = 1), C(y) = H(=o0,3) = (e ~ 1)
(b) The inverse functions are
F W=l +1), G ") =h"+1).

Then

~

Clu,v) = AF (), () -

T utv+ur
[
Exercise 2.22 Let X,Y be continuous random variables whose joint distribution

function is given by C'(F(z),G(y)), where C' is the copula of X, Y, and F, G are the
distribution functions of X, Y respectively. Verify

P(X <zUY <y)=C(F(z),G(y), P(X>zUY >y)=C"(F(zx),G(y)).

Solution. We have

And



1. SOLUTIONS FOR CHAPTER 2 19
Exercise 2.23 Let X1,Y), F1,G1, F5, Gy and C be as usual. Set X, = FQ(_l)(l —
Fi(X1)) and Y = GSY(1 = G1(11)). Prove that
(a) The distribution functions of X5, Y5 are Fy, G5, and
(b) The copula of X5,V is C.
Solution. (a) The distribution function of Xy is

P(X; <) =P(Fy V(1 - F(X) <)

(1= F(Xy)) < Fa(x))

P
P

(1= Fa(z) < Fi(Xy))
=1—P(F(X;) <1— Fy(2))
=1-P(X; < F{ V(1= Fy(a)))
=1 - A[FV(1 = Fy(x)] = Fy).
Similarly for Gs.
(b) Write
P(X; <2,Y, <y)=P(Fy V(1= (X)) <2,65 V(1= Gi(1)) <)
= P((1 - Fi(X))) < Fy(x),(1 = G1(V1)) < Ga(y))
= P((1 - Fy(x)) < F1(X1), (1 = Gs(y)) < G1(V1))
= 1= 1= By(@) +1-Gsy) — P(F(X) < 1= Fy(x),Gi(Y1) <1 - Ga(y))]
= Fy(x) + Galy) — 1+ C(F(F"(1 = Fy(x))), G1(G V(1 = Ga(v))))
= Fy(z) + Ga(y) — 1+ C(1 = Fy(x),1 — Ga(y))
= C(Fy(x), Ga(y))-
L]
Exercise 2.24 Let X, Y be continuous random variables with copula C' and a common

univariate distribution function F'. Show that the distribution and survival functions

of the order statistics are given by
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Order Distribution Survival
statistic function function
min(x.Y) S(F(1) S(F(1)

where 6, ) ,0 and 0* denote the diagonal sections of C, c,C,cx, respectively.

Solution. Write

And
P(max(X,Y) > t) = 1 — C(F(t), F(t)) = 6*(F(t))
Further,
Pmin(X,Y) <t) =1 — P(min(X,Y) > t)
—1-P(X>tY >1)
=PX<t)+P(Y <t)—P(X <t,Y <t)
=F(t)+ F(t)—C(F(t), F(t))
= 3(F(1))
And

Exercise 2.25 Show that under composition, the set of operations of forming the

survival copula, the dual of a copula, and the co-copula of a given copula. along with

the identity yields the dihedral group:
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> ™0
SR B

Solution. Clearly,

AAC(u,v))) =Nu+v—1+C(1 —u,1—0))
=ut+v—1+(1—u)+(1—-v)—1+4+C(u,v) =C(u,v).

And

~ (~ (Clu, ) =~ (u+v = C(u,v))
=u+v—u—v+Cu,v) =C(u,v).

And

AN~ (C(u,v))) = ANu+v —C(u,v))
=ut+v—u—v+1—-C(l—-u,1—v)=C"(u,v).

Others are similar.

Exercise 2.26 Prove for any (u,v) € I?,

Solution. One has

AF w), G w) =Px >F Vw),y >3 ")

-1)

— 1 - F(F () - G@ )+ HE Y(w),G " (v))

(v)))
—ut+v—14+C1—ul—v)=Clu,v).

—1)

—utv—1+CFF W), G

21
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[]
Exercise 2.27 Let X,Y be continuous random variables symmetric about a and b
with marginal distribution function F,G, and with copula C. Is (X,Y") is radially
symmetric (or jointly symmetric) about (a,b) if C' is
(a) a member of the Fréchet family in Exercise 2.47
(b) a member of the Cuadras-Augé family in Exercise 2.57

Solution. (a) The Fréchet family is
Cop(u,v) = aM(u,v) + (1 — a — B)(u,v) + W (u,v).

Then

A

Coplu,v) =u+v—14+Cop(l —u,1—v)
=u+v—1+amn(l—ul—-v)+(1—-—a—-0F)(1—-u)(l-0)
+ fmax(l —u+1—v+1,0)
=amin(l —u,1 —v) =14+ u+v]+ (1 —a— puv
+ Bmax(l —u —v,0) — 1 4+ u + 0]
= Cop(u,v).

(b) The Cuadras-Augé family is

Cy(u,v) = [min(u,v)]9[uv]l—9

Then when u < v,

A

Colu,v) =u+v—1+(1—u)(1—ov)

And similarly for v > v. Clearly, Co(u,v) = Co(u,v). And Cy(u,v) = Cy(u,v). O
Exercise 2.28 Suppose X, Y are identically distributed continuous random variables,
each symmetric about a. Show that “exchangeability” does not imply “radial sym-

metry”, nor does “radial symmetry” imply “exchangeability”.
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Solution. Suppose that X, Y are exchangeable, then
C(u,v) = C(v,u).

Thus

~

Clu,v) =u+v—1+C(1 —u,1—v)

=u+v—1+C(1—v,1—u)#C(u,v).

Conversely, assume “radial symmetry”, then

Thus
Cou)=v4+u—1+C(l—-v,1—u)#u+v—-—1+C(1 —-u,1—v)=C(u,v).

[]
Exercise 2.29 Let X, Y be continuous random variables with joint distribution func-
tion H and margins F,G. Let (a,b) be a point in R?. Then (X,Y) is jointly symmetric
about (a,b) if and only if

for all (z,y) € R’

Solution. According to the definition,

PX—a<z,Y-0<y)=PX—-a<z,b-Y <y)

PX<a+4z)—PX<a+zY <b—y)
F

(x+a)—H(a+z,b—1y). (1.0.1)
Similarly,

P(X—a<z,Y-b<y)=Pla—X <z,Y-b<y)=Gb+y)—H(a—z,b+y). (1.0.2)
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Let y = oo, (1.0.1) and (1.0.2) imply that (X, Y) is marginally symmetric about (a, b),
Gb+y)=Gb—y), Fla+z)=F(a—2x).
Then
Gb+y)—H@+z,b+y)=Gb—y)—P(X <a+zY >b—y),
which implies
PX>a+z,Y>b—y)=PX>a+2z,Y<b+y)=PX<a—zY <b+y).
It follows that (draw a picture)
PX>a+z,Y<b+y)=PX<a—=zY >b—y).

It ends the proof. [l
Exercise 2.30 Let X, Y be continuous random variables with joint distribution func-
tion H and margins F, G and copula C'. Further suppose that X,Y are symmetric
about a and b. Then (X,Y) is jointly symmetric about (a,b) if and only if C' satisfies

Clu,v) =u—Clu,1—v), C(u,v) =v—C(1—u,v)
for all (u,v) € I2.
Solution. Write
Ha+z,b+y)=F(x+a)— H(a+z,b—7y)
& C(Fla+),Gb+y)) = Flz+a) — C(Fla+),G(b—y))
& C(Fla+),Gb+y)) = F(z+a)—C(Fla+x),G(b+y))

< C(u,v) =u—C(u,1 —v).

Similar for the other equation.
Exercise 2.31 (a) Show that C} < Cj if and only if C; < Cb.
(b) Show that Cy < Cj if and only if ¢} < Cs.
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Solution. (a) We have for all (u,v) € I?,

C1 < Cy & Cy(u,v) < Cy(u,v)
Sl-u—v+Ci(u,v) <1—u—v+Cyu,v)
= C) <0,
(b) Similarly, for all (u,v) € I?,

C < Cy & C(u,v) < Co(u,v)
S Ci(l—u,l—v) <Cy(l —u,1—0)
su+v—14C(u,v) <u+v—1+ Cy(u,v)
e 0 < G
[]
Exercise 2.32 Show that Ali-Mikhail-Haq family of copulas from Exercise 2.14 is

positively ordered.

Solution. The copula of X,Y is given by

uv

C’e(u,?)) = 1— 9(1 _ u)(l — U)?

where § € [-1,1]. For 0 < a < <1 and u,v € (0,1),

Co(u,v) _1- Bl —u)(l—v)
Cs(u,v) 1—o(l—u)(l—-wv

thus Cy(u,v) < Cp(u,v). O
Exercise 2.33 Show that the Mardia family from Exercise 2.4 is neither positively
nor negatively ordered.

Solution. Let 6 be in [—1,1] and set

62(1+0)
2

0%(1 — )

CG(U'7 ’U) = 9

M (u,v) + (1 — ) (u,v) + W(u,v).
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Note that, let (u,v) = (3/4,1/4),

3 96 95 96
CoB/41/4) = 5 = z50 CruB/41/4) = =5, Cip(3/41/4) = o

(]

Exercise 2.34 (a) Show that the (n — 1)-margins of an n-copula are (n — 1)-copulas.

(b) Show that if C' is an n-copula, n > 3, then for any k,2 < k < n, all (Z)
k-margins of C' are k-copulas.

Solution. (a) The groundedness and uniform margins are directly from the prop-

erty of this n-copula. Further, evaluate the C™-volume of box
[ag,b1] X -+ X [ag_1,bp_1] X [0,1] X [ags1, brs1] X -+ X [an, by
Clearly, it is greater than 0, thus the C"!-volume of
[a1,b1] X -+ X [ag_1,bg_1] X [ags1, brr1] X -+ X [an, by

is also greater than 0.
(b) This is similar to part (a). O
Exercise 2.35 Let M™ and II" be multivariate copula, and let [a, b] be an n-box in

I*. Prove that
Vi (@, b)) = max(min(by, by, . .., b,) — max(ay, ag, ..., a,),0)

and
Vi ([a, b)) = (b1 — a1)(bg — az) - - - (by — an),

and hence conclude that M™ and II" are n-copulas for all n > 2.

Solution. We only prove for M", for bivariate M, if a1 < asg,
Vi ([a, b]) = min(by, by) — min(by, az) > 0.

If aq > 0,27
Var([asb]) = min(by,bs) — min(ar, b) > 0.
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That is

Vi ([a, b)) = max(min(by, by) — max(aq, as),0).
Then similarly, for M™,
Vi ([ay b)) = max(min(by, by, . .., b,) — max(ay, as, ..., a,),0).
L
Exercise 2.36 Show that
Virn([1/2,1]) = 1 = n/2,

where 1 = (1,1,...,1) and 1/2 = (1/2,1/2,...,1/2), and hence W™ fails to be an
n-copula whenever n > 2.

Solution. We have for all vertices ¢, that is ¢; is either 1/2 or 1, foralli =1,...,n,
Vipn ([1/2,1]) = ) (=1)#=127 (¢) = — max(1/2,0) - n + max(1,0) = 1 — n/2.

Thus W fails to be an n-copula whenever n > 2. O
Exercise 2.37 Let {X3,..., X, } be continuous random variables with copula C' and
distribution functions {Fi,..., F,}, respectively. Let X(;) and X,y denote the ex-
treme order statistics for { X1, ..., X,,}. Prove that the distribution functions F{y, Fiy)
of X1y, X(n) satisty

max(Fy(t), ..., F,(t)) < Fuy(t) < min <Z Fr(t), 1)

and
max (Z Fp(t) —n+1, 0> < Foy(t) < min(Fy(t), Fa(t), ..., Fu(t)).
k=1
Solution. Note that,

F(l)(t) :1—P(X1 >t X, >t)

= (=)' P <)+ (1)) PXG, <4X, <)
i=1 1172
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++(_1)n71P<X1 St,,Xn St)u

which implies that

Clearly, for i =1,...,n,

28

Further,

Fy(t) = P(X, < t,..., X, <t)
=14 (=)' P(X; > )+ (=1)* Y P(X;, > t, X;, > 1)
i=1 1o

o (=D)"P(Xy >t X, > ),

which implies that

Fy(t) > max (1 + (=1)* zn:P(Xi > t),O) = max (i Fi(t) —n+ 1,0) .

Clearly, for i =1,...,n,

F(n)(t) = P(X1 < t,...,Xn < t) < P()(Z < t) — F(n) < Hlin(Fl,...,Fn).
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Solutions for Chapter 3

Exercise 3.1 Show that when either of the parameters v or 3 is equal to 0 or 1, the

function

Cop = min(u' v, uv' ) =

is a copula.

Solution. Clearly,
Cop = Cap=0Cop =1, Ci1=M.

And

-«

Co1 = min(u'"v,u), Cyz = min(v,uv'™").

The groundedness and uniform margins are obvious. Further, let (u1, v1), (ug, vo) € 12
with w1 < ug, v; < vg, then
Ve ([ur, ua] X [vr,v2]) = min(u; %01, ug) + min(ug ™ “vs, us)

— min(us vy, ug) — min(ui vy, uy).

If vy /uf < 1,

Vcayl([ul, us] X [v1,v9]) = u%_avl + ué_aw — ué_avl — u%_avg

= (v2 —v1)(uy ™ —u;™%) > 0.

If vg/uf > 1,01 /uf < 1,v9/ug <1,
Ve ([, ua] X [vr,va]) = uy™vn + up™ vy — uy™ vy — wy
l1—a

11— -« -
> Uy VT Uy U — Uy U — U U2

29
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= (vy — vl)(ué’“ — u%’o‘) > 0.

If vo/ug > 1,v1/uf < 1,ve/u§ > 1,
Ve ([un, uz] X [vr,v2]) = uy ™01 + w2 — w01 —
= u(v1/uf —1) +uz(l = v1/u3)
> up(vr/uf — 1) +uy (1 — vy /ug)
= vy /uy — vy uy > 0.
If vo/ug > 1,v1/uf > 1,v9/u§ < 1,
VC&,I([u:l?uQ] X [U17U2]) = u%_avl + Uy — U — Uy
> ul™ 4 ugy — ud vy —ug > 0.
If vo/ug > 1,v1/uf > 1,v9/u§ > 1,01 /u§ > 1,
Ve ([ua, ua] X [v1,0]) = ur +up —ug —uy =0
If vg/uf > 1,01 /uf > 1,v9/us > 1,01 /ug < 1,
VCa,l([u17 Up] X [v1,v2]) = U1 + uy — u%‘%l —up > 0.

The other ' g is similar. O
Exercise 3.2 Show that a version of the Marshall-Olkin bivariate distribution with

Pareto margins has joint survival functions given by
H(z,y) = (1+2) " (1 +y) "[max(l +z,1 +y)] "2,

for x,y > 0, where 601, 05, 015 are positive parameters.
Solution. Note that the Pareto margins are
— 1+a)? z>0, _ 1+y)7% y>0,

F(x) = G(y) =
1, z < 0. 1, y < 0.
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Then

H(z,y) = C(F(),Gly))

p

(1+2)71 +y) " min((1+2)*, (1 +9)%), >0,y >0,

J 2 om0, 1) >0,y <0

- (1 +y)~?min(1, (1 + y)??), r <0,y >0,
1, x>0,y >0,

\

Therefore, for x,y > 0,
H(z,y) = (1+2) (1 +y) " min((1 + 2)*, (1 +y)”),

= (14 2)7 (1 4 4)~° {min (1, %)} 6 ,

= (1) s (1, EEN]

= (142) (1 +y) 7 [max ((1 +y)?, (1 + 2)*)] -,
— (L4 ) (L +y) " max(l + 2,1+ 5)] 2,
[]
Exercise 3.3 Prove the following generalization of the Marshall-Olkin family of cop-
ulas: Suppose that a, b are increasing functions defined on I such that a(0) = b(0) =0

and a(1) = b(1) = 1. Further suppose that the functions u — a(u)/u and v — b(v)/v
are both increasing on (0, 1]. Then the function C' defined on I* by

C(u,v) = min(va(u), ub(v))

is a copula. a(u) = u'~, b(v) = v'7 is a special case.
Solution. The groundness and uniform margins are obvious. Let (uy, v1), (ug, v2) €

I? with u; < ug,v; < vy, then

a = min(vya(uy ), ub(vy))+min(vea(usg), ugb(ve)) —min(vya(usg), ugb(vy)) —min(vea(uy ), uib(vy)).
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If a(uy)/uy < b(vy)/v1,a(uz)/us > b(vy)/v1, a(uz)/us < b(vg)/ve,

a = via(uy) + vaa(ug) — usb(vy) — voa(uy)
> via(uy) + vea(ug) — via(us) — vaa(uy)

= (v2 —v1)(a(uz) — a(uy)) > 0.

Other circumstance are similar. O
Exercise 3.4 (a) Show that the following algorithm generates random variates (x, )
from Marshall-Olkin bivariate-exponential distribution with parameters Aq, Aa, A1a:

1. Generate three independent uniform (0, 1) variates r, s, t;

2. Set x = min <_;rl”“, —)\11r;t> , Y = min (_;28, —)\1:;)7

3. The desired pair is (z,y).

(b) Show that u = exp(—(A +A12)z) and v = exp(—(A2+ A12)y) are uniform (0, 1)

variates whose joint distribution function is a Marshall-Olkin copula.

Solution. (a) We have
P( ) (—lnr —lnt) - , (—lns —lnt> - )
min , x, min ,
)\1 )\12 )\2 )\12 Y

P(—lnr> —1nt> —lns> —lnt> >
= x’ x’ )
)\12 )\2 Y >\12 i

= P(r < exp(—Mz),s < exp(—A\2y),t < exp(—A12 max(z,y)))

= exp(—A12) exp(—Aay) exp(—A12 max(z,y)),

which is the Marshall-Olkin bivariate-exponential distribution.

(b) The quasi-inverses are

—Ilnu —Inwv
r=——" =
/\1+/\12 Y )\2+/\12

Then

. —Inu —Inv
C’(u, y) = exp (—()\1 + Alg)m) exXp (—()\2 + >\12) )\2 i )\12>

. —Inu —Inwv
- min { exp (/\12—)\1 n )\12> , €XPp ()\12—)\2 n )\12> }
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= wv min(u=*, 0",

where oo = Aj2/(A1 + Ai2), B = A2/ (Ag + Ap2). O
Exercise 3.5 Let (X,Y) be random variables with circular uniform distribution.
Find the distribution of max(X,Y).

Solution. The distribution function of max(X,Y’) is

(

3/4, 2 4+y2 <1,

1, > +y? > 1,2,y >0,

Pmax(X,Y) <t)=H(t,t) =

1— arccost7 72 + y2 > 1,min(x,y) <0< max(x,y),

™

0, 22+y2> 1,2,y <0.
[]
Exercise 3.6 Let 7, Z5, Z3 be three mutually independent exponential random vari-

ables with parameter A > 0, and let J be a Bernoulli random variable, independent

with Z’s, with parameter 6 in (0,1). Set
X=(1-0Z +JZy Y=(1—0)2Z+J%

Show that

(a) for z,y > 0, the joint survival function of X and Y is given by

T (2,y) = exp|-A(z V 9)] + 1 - Z exp {W} (1 —exp [/\1 - g(x v y)D |

(b) X,Y are exponential with parameter A;

(c) the survival copula of XY is given by

. 1-6
=M
Co(u,v) (u,v) + 50

(uv)/ (=9 (1- [max(u,v)]’(lw)/(l’e)) .

(d) Cy is absolutely continuous, Cy = II,Cy = M.
Solution. (a)
(b) 0

Exercise 3.7
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Solution. [
Exercise 3.35 For Plackett family of copulas, show that

u+v—1 u+v—1
ettt (),

(a) Co(u,v) = lim Cy(u,v) =
6—0+
(b) Coo(uyv) = elim Coo(u,v) _ (utv)—fu—v| _ M(U,U).
—00

2
Solution. (a) We have

1+ (0 —1)(u+v)] —+/[1+(0—1)(u+v)]—4uwb(d — 1)

it 2(0 — 1)
_l—(utv) -1 (utv)
-2
_ (u+v—1);|u—l—v—1| —W(uo).
(b)

lim 1+ (0= 1)(u+v)] = /[1+ 0= 1)(u+v)]?—4ud(d - 1)

600 2(0 — 1)

iy WO =1 + ()] = VIO 1) + (ut )] — 4unf/(0 — 1)
0—0c0 2

_(utv)—ju—v| _

5 M (u,v).

[]
Exercise 3.36 Let Cy be a member of the Plackett family of copulas, where 6 is in
(0, 00).
(a) Show that Cy/9(u,v) = u — Cy(u,1 —v) = v — Cy(1 — u,v).
(b) Conclude that Cjy satisfies the functional equation C' = C for radial symmetry.
Solution. (a) Write

Chyo(u,v)
1+ (10— D(u+v)] — /1 +(1/0 — 1)(u+v)]> — 4uvl/0(1/6 — 1)
2(1/6 — 1)

[0+ (1—0)(u+v)]— [0+ (1 —0)(u+v)]2—4uv(l — 0)
2(1— 6)
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2u(1—0) +1—(1—60)(ut+1—0)

2(1-10)
V2u1—0)+1—(1-0)(u+1—v)]2 —4uv(l —0)
* 2(1—0)
C2u(1-0)+1—-(1—-0)(u+1—-0)
2(1—0)
VIO =D (u+1—0)2+ 421 —0)2+4u(l —0)1+ (0 —1)(u+1—v)] —duv(l —0)
* 21— 0)
B T+@—Du+1—0)]—+/[1+0—1D(u+1—0)]2—4u(l—v)0(0—1)
T 200 — 1) ‘
Also fit for 6 = 1.
(b) Plackett family is radially symmetric,
C(u,v)
_ 1+ (0 —D(u+v)]— /140 —1)(u+v)]? — 4uwwb(d — 1)
20 —1)
C20-D(u+v—1)+[1+(0—-1)(2—u—v)
B 2(0 — 1)
VRO -1Du+v—-1)+1+0—-1)(2—u—0)]2—4uvd( — 1)
- 2(0 — 1)
B I+ —-D2—u—v)]—/I1+0-1)2—u—v)2—4(1—u)(l —v)0(0 —1)
=u+v—1+ 20— 1)
—u4v—14+C(1—-ul-v)=Clu,v).
Also fit for 6 = 1. m

Exercise 3.37 Show that the Plackett family is positively ordered.
Solution. Let 0 < 07 <05 < 1,

1+ 0 —1D(u+v)]—/[1+ 0 —1)(u+v)]?—4uvf(d — 1)

Co = 20— 1)

then the derivative is

9Cy  {(u+v) —1/2A722(u+v)[1+ (0 — 1)(u+v)] — 4uv(20 — 1))}2(6 — 1)

00 2(0 - 1)]
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2{1+ (0 —1)(u+v)] — /1 + (0 —1)(u+v)]>—duvd (0 — 1)}
2(6 - 1)]?

> 0.

[]
Exercise 3.38 Show that the following algorithm generates random variates (u,v)
from Plackett distribution with parameter 6:
1. Generate two independent uniform (0, 1) variates u, t;
2. Set a =t(1 —1t);b =0+ a(d —1)%c = 2a(ub*+1—u)+ 6(1 — 2a); and
d =00+ dau(l —u)(1 - 0)2
3. Set v = [c — (1 —2t)d]|/2b;

4. The desired pair is (u,v).
Solution. We only need to show that

e — (1= 2t)d]/2b = ¢{7V(1),

where ¢,(t) = P(V < tlU = u) = %. That is

8C(u,v)_1_ 1 | sl o
ou 2 \/[1+<9—1)(U+U)]2—4UU9(9—1) 1+ (0 —1)(u+v)— 200,

The associated quasi-inverse is

Exercise 3.39
Solution. [
Exercise 3.40 Let Cy denote a member of the Ali-Mikhail-Haq family. Show that

Co(u,v) = uwv Z[@(l —u)(1 — o)

k=0
and hence

Solution. (]



2. SOLUTIONS FOR CHAPTER 3 37

Exercise 3.41 (a) Show that the harmonic mean of two Ali-Mikhail-Haq copulas is
again an Ali-Mikhail-Haq copula.

(b) Show that each Ali-Mikhail-Haq copula is a weighted harmonic mean of the

two extreme members of the family, i.e., for all § € [—1,1],

1=0 4 140, L
2 C_1(uw) 2 Cy1(u,v)

Solution. (a) Let C,, Cs be Ali-Mikhail-Haq copulas, then

2 B 2uv
ca(lu,v) + Cﬁ(lu,v) l—a(l-u)(l—-v)+1-5(1-u)(l-v)
- 2uv _c
T2 (a+ )l —w(l—v)
(b) Write
1 B 2uv
B+ 8 ey =00+ (1 —w)( =)+ (1 +0)[1— (1 -u)(1 - )]

i = Cy(u,v).

T 1001 —uw)(1—v)
[]
Exercise 3.42 Show that the following algorithm generates random variates (u,v)
from an Ali-Mikhail-Haq distribution with parameter 6:
1. Generate two independent uniform (0, 1) variates u, t;
2. Set a = 1—u;b=—0(2at +1)+260%a*+1; and ¢ = 0*(4a*t —4at + 1) — 0(4at —
At +2) 4 1;
3. Set v =2t(al — 1)?/(b+ +/c);
4. The desired pair is (u,v).
Solution. Recall that Ali-Mikhail-Haq copula is

uv

Colu,v) = 1— 0(1 —u)(1 —v)
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for 6 € [-1,1]. Thus

v — vl + V%0

cu(v) = (1—-0(1—u)(1—v))%

The associated quasi-inverse is

38



CHAPTER 3

Solutions for Chapter 4

Exercise 4.1 [Theorem 4.1.5] Let C be an Archimedean copula with generator .
Then:

1. C is symmetric; i.e. C(u,v) = C(v,u) for all u,v € I;

2. C is associative; i.e., C(C(u,v),w) = C(u,C(v,w)) for all u,v,w € I;

3. If ¢ > 0 is any constant, then cy is also a generator of C'.

Solution. 1. Since

2. Write

If o(u) + ¢(v) = ¢(0) or p(v) + p(w) = (0), C(C(u,v),w) = C(u, C(v,w)) = 0.
3. Write

el (ep(u) + cp(v)) = el e(p(u) + o(v))]

S

=9 c(p(u) + »(v))

= o (p(u) + o(v)).

39
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If p(u) + p(v) > ©(0), then c(p(u) + ¢(v)) > cp(0), it implies that col=H[e(p(u) +

p(v))] = 0=C(u,v). O

Exercise 4.2 The diagonal section of an Archimedean copula C with generator ¢

in Q is given by dc(u) = p7U[2p(u)]. Prove that if C' is Archimedean, then for

€ (0,1),0¢c(u) < u. Conclude that M is not Archimedean copula.

Solution. If 2p(u) > (0), then dc(u) = 0 < u. If 2p(u) < ¢(0), since =Y is

decreasing, dc(u) = ¢l"U[2p(u)] < ©"U[p(u)] = u. The diagonal section of M is

Oy (u) = min(u, u) = u,

thus M is not Archimedean. O
Exercise 4.3 Show that ¢ : I — [0, 0o] is in Q iff 1 —[~1(#) is a unimodal distribution
function on [0, co] with mode at zero.
Solution. The corresponding density function is
dl—¢N@) 1
dt @' (pl1(1))

This distribution is unimodal at zero iff the density function is decreasing on [0, o<

(3.0.3)

and
d(=1/¢' (1)) ¢" (1))

dt ()
Sine ¢'(ol7U(t)) < 0 by (3.0.3), ¢"(p="(t)) > 0. Thus ¢ is convex. And we need

< 0.

¢ (p71(t)) is a decreasing function of . Thus it is iff ¢ is strictly decreasing and
convex with (1) = 0. Since if p(1) =a > 0, 1 — 71(0) < 1 — = (a) = 0, which is
impossible. [l
Exercise 4.4 Show that non-Archimedean copulas can have

(a) non-convex level curves;

(b) convex level curves.

Solution. ]
Exercise 4.5 Let C' be an Archimedean copula. Prove that C' is strict if and only if
C(u,v) > 0 for (u,v) € (0,1]2.
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Solution. We need to prove that ¢(0) = oo iff C'(u,v) > 0 for (u,v) € (0,1]*. That
is, for all (u,v) € (0,1]?

P () + ¢(v) > 04 0 < pu) + ¢(v) < p(0)
< p(0) = 0.
[]
Exercise 4.6 This exercise shows that different Archimedean copulas can have the
same zero set. Let

Solution. ]

Exercise 4.7

Solution.
Exercise 4.8

Solution. ]
Exercise 4.9

Solution. n
Exercise 4.10

Solution. O
Exercise 4.11

Solution. ]
Exercise 4.12

Solution. n
Exercise 4.13

Solution. O
Exercise 4.14

Solution. ]
Exercise 4.15

Solution. n
Exercise 4.16

Solution. (]
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Exercise 4.17 Show that the following algorithm generates random variates (u,v)
whose joint distribution function is the Clayton copula with parameter 6 > 0:

1.

2.

3.

Solution.
Exercise 4.18

Solution. ]
Exercise 4.19

Solution. n
Exercise 4.20

Solution. O
Exercise 4.21

Solution. ]
Exercise 4.22

Solution. n
Exercise 4.23

Solution. O
Exercise 4.24

Solution. ]
Exercise 4.25

Solution. ]



CHAPTER 4

Solutions for Chapter 5

Exercise 5.1 [Corollary 5.1.2.] 1. @ is symmetric in its arguments: Q(Cy,Cy) =
Q(Ca, Cy).

2. @ is non-decreasing in each argument: if C; < C} and Cy < C4 for all (u,v) € I?,
then Q(C1, Cy) < Q(CY, CY).

3. Copulas can be replaced by survival copulas in @, i.e., Q(C1,Cy) = Q(él, C’g)

Solution. 1. We have

Q(Cy,Cy) = 4//12 Co(u,v)dCy(u,v) — 1
— 2P((X) — Xo)(Yi — Ya) > 0) — 1

=2[P(X) < X2,V < Y3) + P(X; > X5, V1 > Ya)] — 1
i [ / [ P < 20 < )OA(F(2), G(w))
+ /R2 P(Xy > ,Yy > y)dCy(F(x),Gy))| — 1
i [ / [P < 20 < )OA(F(2), G(w))
n / {1 - F(z) — G(y) + P(X1 < 2,Y1 < y)}dCo(F(z),G(y))| — 1
—4//1201uvd02uv)—1
= Q(Cy, C1).

2. This is trivial by the definition.
3. For any H, it is true that

[ .y = [[Hapane.y - [[Aegde.y).
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[]
Exercise 5.2 Let X, Y be r.v.’s with the Marshall-Olkin bivariate exponential distri-

bution with parameters A\, As, A1, that is, the survival function is given by
H(x,y) = exp(—A1r — Aoy — Ao max(z,y)).
(a) Show that the ordinary Pearson product-moment correlation coefficient of X, Y

is given by
A12

AL+ Ao+ g

(b) Show that Kendall’s tau and Pearson’s product-moment correlation coefficient
are numerically equal for members of this family.
Solution. (a) In Marshall’s paper, these moments were calculated using MGF.

(b) From Example 5.5.,

af
Tag = ——————
P a—aB+ B
A2 A2
— AitAie AetAie
A2 A, + A12
A1+A12 (A+A12)(A2+A12) A2+A12
_ Ay
A2(A2 + A12) — Ay + Aa(A1 + Ai2)
_ >\l2
A+ A+ A

[]
Exercise 5.3 Prove that an alternate expression for Kendall’s tau for an Archimedean

copula C' with generator ¢ is

00 d 2
—1-4 — du.
o=t [Tu | w)] a

Solution. For Archimedean copula C',

1
TC:1+4/ SO(i)dt.
0
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Then let p(t) = u, one has dpl=U(u)/du = 1/¢'(t) if u < ©(0), if u > ©(0),
dp=(u)/du = 0. Thus

0

d

o =1+ 4/ ud—gp[_” (u)dpl = ()
p(0) aU

©(0) d = 2
=1—-4 —p~ d
[ ] o

00 d 2
—1-_4 o1 du.
I FRRCIRC

Exercise 5.4 (a) Let Cy,0 € [0,1] be a member of
(b)

Solution. (]

Exercise 5.5 Let C' be a diagonal copula, that is, C'(u,v) = min(u, v, (1/2)[d(u) +
d(v)]).

(a) Show the Kendall’s tau is given by

1
7'024/ (S(t)dt—:l.
0

(b) For diagonal
Solution. (a) Write
C(u,u) = min(u, 0(u)) = 0(u),

since O
Exercise 5.6

Solution. m
Exercise 5.7

Solution. O

Exercise 5.8 Let Cy be a member of the Plackett family
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for # > 0. Show that Spearman’s rho for this Cjy is

0+l 20

e Ty

There does not appear to be a closed form expression for Kendall’s 7 for members of
this family.
Solution. [

Exercise 5.9 Let Cy, 0 € R be a member of the Frank family. Show that

w=1= G0 =DiO), g =1 Di0) - Dal0),

where Dy () is the Debye function, which is defined for any positive integer k by

gk
Di(x) = % /0 R

Solution. ]
Exercise 5.10

Solution. O
Exercise 5.11

Solution. ]
Exercise 5.12

Solution. ]
Exercise 5.13

Solution. O
Exercise 5.14

Solution. ]
Exercise 5.15

Solution. m
Exercise 5.16 Let X,Y be continuous random variables with copula C. Show that

an alternate expression for Spearman’s rho for X,V is

p:E}//12 ([u+v—1]* = [u—v]*) dC(u,v).
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Solution. Write
p=3 [[ (o= 1 - [u— o) dClu,0)
:3/ﬁ(@—1f+mw—au—v%+%@dcmm)
- 3//I (1 — 20 — 2u + 4uw) dC(u, v)

—12 [ [ wdc(u) -

Exercise 5.17 Let X and Y be continuous random variables with copula C'. Establish

the following inequalities between Blomqvist’s § and Kendall’s 7, Spearman’s p, and

Gini’s 7:

1 2 1 2
-1+p)—1<r<1--(1-75),
4 4

B A4 —1<p<1— - gy
16 =P=""716 ’
3 2 3 2
g(l—l—ﬁ) —1§’Y§1—§(1—6).

Solution. [

Exercise 5.18
Solution. ]
Exercise 5.19

Solution. O
Exercise 5.20 Let X, Y be continuous random variables whose copula C' satisfies one

(or both) of the functional equations
Cu,v) =u—C(u,1 =v), C(u,v)=v—C(l—u,v).
for joint symmetry. Show that

Txy = Pxy = Yxy = Bxy = 0.
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Solution. Clearly, C'(1/2,1/2) =1/2—-C(1/2,1/2) = C(1/2,1/2) =1/4,
Bxy =4C(1/2,1/2) —1=1-1=0.
Since these four are measures of concordance,
R_Xxy = Rx-y = —RXyY-
From the monotonic transformation,
C(u,v) =u—C(u,1-v), C(u,v) =v-C(l-u,v) = Cxy =Cx_y, Cxy=C_xy.

Thus
Rxy = Kx-y = —RXx)Yy, KXy =HR-_XYy = —RXx)Y-:

Therefore, kxy = 0 as its range is [—1, 1]. O
Exercise 5.21 Another measure of association between two variates is Spearman’s

foot-rule, for which the sample version is

3 n
le—n2_1Z|Pz‘—q@'|7
i=1

where p;, ¢; denote the ranks of a sample of size n of two continuous random variables

X,Y.

(a) Show that the population version of the foot-rule, which is
p=1- 3//p lu —v|dC(u,v) = % BQ(C, M) — 1]
(b) Show that ¢ fails to satisfy
—1<kxy <lkxx=1krx_x=-—1,

and
R_Xxy = Rx-y = —RXyY-

Hence it is not a “measure of concordance”.



4. SOLUTIONS FOR CHAPTER 5

Solution. (a) Rewrite f as

1=

=1-3E[|U - V]
=1- 3/ lu — v|dC(u,v).
IQ
Recall that

QIC,M) = 4/12 M (u,v)dC(u,v) —1

:2//12[%@— = o]}dC (u, v) — 1

- 2//1 = 0|dC(u, v).

f=1-2(1-Q(C, M) = S[3Q(C, M) — 1],

Hence

(b) Since Q(C, M) € [0,1], f € [-1/2,1]. We can never attain —1 for f. Besides,
3 1 3 1
e v M) — = — _ 1 A
2Q(CX, v, M) 5 6/Iu C(u, u)du 53

:1—6/C(u,1—u)du
I

1 3
# 3 —6/IC(u,u)du—|— 2
1 3
=5 §Q(CX,Y;M)'

Exercise 5.22 (a) Show that

and

49
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are equivalent.

(b) Show that

is equivalent to

Solution. (a) Write
P(X <2,Y <y) > P(X <z)P(Y <y)
<1—-PX>z)—PY >y +PX>z,Y>y)>(1—-—PX >2)(1—-PY >vy))

< P(X>zY >y >P(X>z)PY >vy).

(b) It is directly from part (a). O
Exercise 5.23 (a) Let X,Y be random variables with joint distribution function H

and margins F' and G. Show that PQD(X,Y) iff for any (z,y) € R?,
H(z,y)[1 — F(x) = G(y) + H(z,y)] = [F(z) = H(z,y)][G(y) — H(z,y)],

that is the product of two probabilities corresponding to the two shaded quadrants is

at least as great as the unshaded quadrant in the following figure:

(b) Give an interpretation of quadrant dependence in terms of the cross product

ratio

,_ Hly)l = F(z) = Gly) + H(z,y))
)

[F'(z) = H(z, 9)]|G(y) — H(z,y)]

for continuous random variables.
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(c) In copula notation,
Clu,v)[1 — u— v+ Clu, )] > [u— C(u,v)][v — C(u,)).
Solution. (a) From Exercise 5.22,
H(z,y)[1 — F(z) — G(y) + H(z,y)] = [1 - F(2)][1 - G(y)|F(2)G(y)

= [G(y) = F(z)GW)][F(z) — F(x)G(y)]

(G(y) — H(z,y)|[F(r) — H(z,y)].

v

(b) If 8 > 1, X,Y are positive quadrant dependent, if § < 1, X, Y are negative
quadrant dependent.

(c) The interpretation is the product of two probabilities for (U, V') corresponding
to the two shaded quadrants is at least as great as the unshaded quadrant. O]
Exercise 5.24 (a) Show that if X, Y are PQD, then —X,Y are NQD, X and —Y are
NQD, and — X, —Y are PQD.

(b) Show that if C' is the copula of PQD random variables, then so is C.

Solution. (a) If X, Y are PQD,

One has
P(-X <z, Y <y)=P(X>—-xY <y)
=PY <y —-PX <—-zY <y)
=G(Y) - H(-x,y)
Since PQD,
H(=z,y) > F(=2)G(y),
then
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< Gy) — F(—2)G(y)

= (1= F(=2))G(y)

= P(—X <x)P(Y <vy).

The others are in the same fashion.
(b) The PQD is
C(u,v) > uv.

From part (a), —X, =Y are also PQD,
C_x—y(u,v) > uww < Cxy(u,v) > uv.

L
Exercise 5.25 Consider the random variable Z = H(X,Y) — F(X)G(Y).
(a) Show that E[Z] = (37¢ — pc)/12.
(b) Show that we = 6E[Z] = (37¢ — pc)/2 can be interpreted as a measure of
“expected” quadrant dependence for which wy; = 1, wy = 0, wy = —1.
(¢) Show that we fails to be a measure of concordance.

Solution. (a) Write

E[Z] = E[C(U,V)] — E[UV]

1+l pc+3
T4 12
_ 31¢ — pc
12

(b) Write
6E[Z] = 6 / /1 (O, v) — woldC(u, v).
()
[]
Exercise 5.26 Hoeffding’s lemma. Let XY be random variables with joint distri-
bution function H and margins F, G, such that E[|X|], E[|Y|] and E[|XY|] are finite.
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Prove that
Cov(X,Y) = //}R2 [H(z,y) — F(x)G(y)]dzdy.

Solution. ]
Exercise 5.27 Let X, Y be random variables. Show that if PQD(X,Y"), then Cov(X,Y) >
0, and hence Pearson’s product-moment correlation coefficient is on-negative for pos-
itively quadrant dependent random variables.

Solution. This is directly from Exercise 5.26. O
Exercise 5.28 Show that X, Y are PQD iff Cov[f(X), g(Y)] > 0 for all functions f, g
that are non-decreasing in each place and for which expectations E[f(X)], E[g(Y)], E[f(X)g(Y)]
exist.

Solution. m
Exercise 5.29 Prove that if the copula of XY are max-stable, then PQD(X,Y").

Solution. O
Exercise 5.30

Solution. ]
Exercise 5.31 Let X and Y be continuous random variables whose copula is C.

(a) Show that if ¢ = C, then LTD(Y|X) iff RTI(Y|X), and LTD(X|Y) iff
RTI(X|Y).

(b) Show that if C' is symmetric, then LTD(Y'|X) iff LTD(X|Y), and RTI(Y|X)
iff RTI(X]Y).

Solution. (a) LTD(Y'|X), if and only if C'(u,v)/u is non-increasing in u. That is

9C(uL) C(u,v)

Su <0 — 0C (u,v)

u? - ou

u < C(u,v). (4.0.4)

RTI(Y|X) iff C(1 —u,1 —v)/(1 — u) is non-decreasing in u. Assume C' = C, C(1 —
u, 1 —v)/(1—=u)=C(1—u,1—v)/(1 —u), then

200 wl=t) (1 — ) (—1) + C(1 — u, 1 — v)

o(1—u)
>0
(1 —u)? -

by (4.0.4).
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(b) Assume C(u,v) = C(v,u), C(u,v)/v = C(v,u)/v, the derivative

WU — C(v,u) PR oC (v, u)

<
2 < 5, VS C(v,u)

ift
0C (u,v) %u — C(u,v)

Exercise 5.32
Solution.
Exercise 5.33
Solution.
Exercise 5.34
Solution.
Exercise 5.35

Solution.

54

Exercise 5.36 Show that (a) if the function u — C'(u,v) is TPy, then LTD(Y|X) and

RTI(X|Y):

(b) if the function v — C(u,v) is TPy, then LTD(X|Y) and RTI(Y | X);

(c)the function 1 — u — v + C(u, v) is TPy iff C' is TP,.
Solution. (a) u— C(u,v) is TPy, that is

F(z)—H(z,y)=P(X <2)-P(X <z,Y <y)=PX <z,Y >y)

(b)

()
Exercise 5.37
Solution.
Exercise 5.38
Solution.
Exercise 5.39

Solution.
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Exercise 5.40 Let X, Y be continuous random variables whose copula C' is a member
of a totally ordered family that include II. Show that oxy = |px.y|.

Solution. O
Exercise 5.41

Solution. n
Exercise 5.42

Solution. ]
Exercise 5.43

Solution. ]
Exercise 5.44 Show that k), is given by

~ I'(2p+3)
Prar2(p 4+ 1)

Solution. [
Exercise 5.45 Show that the “(,” generalization of v¢, pc leads to measures of as-
sociation given by

Solution. O
Exercise 5.46 Show that the “L,” generalization of ¢ leads to measures of associ-
ation given by

Solution. [
Exercise 5.47 Verify the entries for Ay, Ap.

Solution. O
Exercise 5.48 Write Ay (C), A(C) to specify the copula under consideration. Prove
that Ay (C) = A\, (C) and AL (C) = Ay (C).

Solution. Write

2-2t—1+4+2t—1+C(1—t,1-1)]

AU(O) - t1—1>r1n* 1-¢
e Ca=t1-1)
t—1— 1—1t
i S0 _ AL(C).

t—0+ t
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The other one is similar. O
Exercise 5.49

Solution. O
Exercise 5.50

Solution. ]
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